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1 Introduction

There is a renewed interest in studying diffractive hard scattering in hadron-hadron collisions
due to the physics program at the LHC [1–3]. When rapidity gaps appear in the final state
together with a pair of forward jets well-separated in rapidity [4–14] we can attempt to use
the BFKL formalism [15–19] to describe them. There are similar processes where the jets
can be replaced by, i.e., light vector mesons [20–25]. This is a rather challenging sector of
the strong interaction both from the experimental and theoretical point of view. In this
work we address the later, in particular, the structure of the universal quantity present in
these types of analysis: the non-forward BFKL gluon Green’s function which represents
the t-channel exchange of a hard Pomeron. In high energy Regge theory this colour singlet
exchange corresponds to the right-most singularity of the t-channel partial wave for the
elastic gluonic amplitude when evaluated in the complex angular momentum plane.

The scattering amplitudes relevant to study diffractive physics simplify in the kine-
matical region where large rapidity gaps are present, up to the point that they can be
resummed to all orders in the QCD coupling accounting, in this way, for the largest powers
in the logarithms with center-of-mass energy dependence. The integral equation generating
this resummation, the BFKL equation [15–19], has a kernel which enjoys two-dimensional
conformal invariance in coordinate representation [26]. This is related to the underlying
integrability present in the associated effective field theory [27–29] (see also [30–33]). This
emerging symmetry is very intriguing from a fundamental point of view and we find it
worth investigating from different angles.

In the following we study the BFKL Pomeron singularity, with vacuum quantum
numbers, from two orthogonal standpoints: a numerical Monte Carlo approach and a
critical revision of the analytic studies based on the expansion on a conformal basis. The
associated gluon Green’s function carries a representation of the SL(2,C) group labelled
by a real anomalous dimension ν and an integer conformal spin n via an expansion over
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eigenfunctions of the Möbius invariant Hamiltonian. When the Pomeron couples to a certain
class of external states the odd n components do not contribute to the scattering process.
These terms are, however, needed to map the Monte Carlo numerical solution for the gluon
Green’s function and the analytic solutions for non-zero momentum transfer. They might
also be present when other external states, in the form of impact factors, will be studied in
the future. The relevant step for the cancellation of a particular conformal spin sector is the
integration over some of the three azimuthal angles present in the convolution with those
impact factors. It is therefore important to extract this dependence in the Green’s function
in the most explicit possible form. We also address this point here. It will be shown that
this necessarily connects with its n dependence.

Our findings are presented in three sections. In the first one we explore the gluon
Green’s function as the solution to the non-forward BFKL equation in iterative form which
we implement numerically using Monte Carlo integration. In the second one we critically
review the work of Lipatov [26] and Navelet-Peschanski [34] for the analytic representation of
the previous solution in terms of two-dimensional conformal invariant functions in coordinate
space. We offer a solution valid for both even and odd conformal spins which is shown to
be equivalent to the one obtained in the previous section by direct numerical integration.
We then Fourier expand it to explicitly obtain the intricate dependence on the different
azimuthal angles present in the scattering process. A new representation in terms of 4F3
hypergeometric functions is found. This allows for a simple derivation of the forward limit
in the scattering amplitude. We finally sketch an alternative representation, connected
to analytic number theory, which brings a novel expansion of the conformal blocks. We
conclude with a summary and outlook for future applications of these results.

2 Iteration in momentum space

The non-amputated Green’s function corresponding to the scattering of four reggeized
off-shell gluons follows the Bethe-Salpeter equation [26]

ωfω(ka,kb, q) = δ(2)(ka−kb)
k2
a(q−ka)2

+ ᾱs
2π

∫
d2k

{[
(q−k)2

(k−ka)2(q−ka)2 + k2

(k−ka)2k2
a

− q2

k2
a(q−ka)2

]
fω(k,kb, q)

−
[

k2
a

k2+(ka−k)2 + (q−ka)2

(q−k)2+(ka−k)2

]
fω(ka,kb, q)

(k−ka)2

}
(2.1)

where the initial condition contains two propagators. To present the first method of solution
we shift the integration from t-channel to s-channel momenta, k − ka = l,

ωfω(ka, kb, q) = δ(2)(ka − kb)
k2
a(q − ka)2

+ ᾱs
2π

∫
d2l

{[
(q − l − ka)2

l2(q − ka)2 + (l + ka)2

l2k2
a

− q2

k2
a(q − ka)2

]
fω(l + ka, kb, q)

−
[

k2
a

(l + ka)2 + l2
+ (q − ka)2

(q − ka − l)2 + l2

]
fω(ka, kb, q)

l2

}
(2.2)
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This offers the opportunity to introduce a small cut-off, λ, not only useful to regularise
infrared divergencies but also to motivate the approximation

fω (l + ka, kb, q) ' fω (l + ka, kb, q) θ
(
l2 − λ2

)
+ fω (ka, kb, q) θ

(
λ2 − l2

)
(2.3)

which allows to operate with a simpler version of the equation in the form

fω(ka, kb, q) =
δ(2)(ka−kb)
k2
a(q−ka)2 +

∫ d2l
πl2 ξ(ka, l, q)fω (l + ka, kb, q) θ

(
l2 − λ2)

ω − ωλ (ka, q)
(2.4)

where

ξ(ka, l, q) = ᾱs
2

(
1 + (l + ka)2(ka − q)2 − q2l2

(l + ka − q)2k2
a

)
(l + ka − q)2

(ka − q)2 (2.5)

The gluon’s Regge trajectory

ωλ(ka, q) = ᾱs
2π

∫
d2l

l2

{[
(q − l − ka)2

(q − ka)2 + (l + ka)2

k2
a

− q2l2

k2
a(q − ka)2

]
θ
(
λ2 − l2

)

− k2
a

(l + ka)2 + l2
− (q − ka)2

(q − ka − l)2 + l2

}
(2.6)

can be evaluated noticing that in the forward limit we have

ωλ(ka, 0) = ᾱs
π

∫
d2l

l2

{
(l + ka)2

k2
a

θ
(
λ2 − l2

)
− k2

a

(l + ka)2 + l2

}
' −ᾱs ln k

2
a

λ2 (2.7)

and, hence,

ωλ(ka, q) = 1
2 (ωλ(ka, 0) + ωλ(ka − q, 0))− ᾱs

2
q2λ2

k2
a(q − ka)2

' 1
2 (ωλ(ka, 0) + ωλ(ka − q, 0)) (2.8)

As long as λ2 � k2
a, (q − ka)2 this approximation is valid.

To write the expression needed for a Monte Carlo evaluation we iterate:

fω(ka, kb, q) = 1
ω − ωλ(ka, q)

δ(2)(ka − kb)
k2
a(q − ka)2

+
∫
d2l

πl2
θ(l2 − λ2)

ω − ωλ(ka, q)
ξ(ka, l, q)

ω − ωλ(l + ka, q)
δ(2)(l + ka − kb)

(l + ka)2(q − ka − l)2 + . . . (2.9)

The first term is symmetric under the transformation ~ka ↔ ~kb due to the presence of the
delta function. We can integrate the second one,

θ
(
(ka − kb)2 − λ2

)
π (ka − kb)2

1
(ω − ωλ (ka, q))

1
(ω − ωλ (kb, q))

ξ (ka, kb − ka, q)
k2
b (q − kb)2 + . . . (2.10)
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and look at the function ξ,

ξ(ka, kb − ka, q)
k2
b (q − kb)2 = ᾱs

2

(
1

(ka − q)2k2
b

+ 1
(kb − q)2k2

a

− q2(kb − ka)2

(ka − q)2k2
b (kb − q)2k2

a

)
(2.11)

which also manifests the ~ka ↔ ~kb symmetry. This property holds for any layer in the
iteration. We show this in the next term

∫
d2l1
πl21

ξ (ka, l1, q) θ
(
l21 − λ2)

ω − ωλ (ka, q)

∫
d2l2
πl22

ξ (l1 + ka, l2, q) θ
(
l22 − λ2)

ω − ωλ (l1 + ka, q)

× 1
ω − ωλ(l2 + l1 + ka, q)

δ(2)(l2 + l1 + ka − kb)
(l2 + l1 + ka)2(q − l2 − l1 − ka)2

(2.12)

which is more complicated. Making use of the delta functions and the change of variables,
l = l2 − kb,

∫
d2l

θ
(
(l + kb)2 − λ2

)
π (l + kb)2

θ
(
(l + ka)2 − λ2

)
π (l + ka)2

1
ω − ωλ (ka, q)

1
ω − ωλ (kb, q)

× 1
ω − ωλ (−l, q)

ξ (ka,−ka − l, q) ξ (−l, l + kb, q)
k2
b (q − kb)2 (2.13)

where

ξ(ka,−ka − l, q)ξ(−l, l + kb, q)
k2
b (q − kb)2

= ᾱ2
s

4
1

l2(l + q)2

×
(

(l + q)2k2
a + l2(ka − q)2 − q2(ka + l)2

k2
a(ka − q)2

)(
(kb − q)2l2 + k2

b (l + q)2 − q2(l + kb)2

k2
b (kb − q)2

)
(2.14)

which also respects the symmetry. To work in rapidity space we need

f (ka, kb, q, Y ) =
∫ a+i∞

a−i∞

dω

2πie
ωY fω (ka, kb, q) (2.15)∫ a+i∞

a−i∞

dω

2πie
ωY

n∏
i=0

1
ω − ωi

= eω0Y
n∏
i=1

∫ yi−1

0
dyie

ωi,i−1yi (2.16)
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We then have, for the first three terms,

∫ a+i∞

a−i∞

dω

2πie
ωY fω (ka,kb, q)

= eωλ(ka,q)Y δ
(2) (ka−kb)
k2
a (q−ka)2

+
θ
(
(ka−kb)2−λ2)
π (ka−kb)2

ξ (ka,kb−ka, q)
k2
b (q−kb)2

eωλ(ka,q)Y −eωλ(kb,q)Y

ωλ (ka, q)−ωλ (kb, q)

+
∫
d2l

θ
(
(kb+l)2−λ2)
π (kb+l)2

θ
(
(ka+l)2−λ2)
π (ka+l)2

ξ (ka,−ka−l, q)ξ (−l, l+kb, q)
k2
b (q−kb)2

× eY ωλ(−l,q) (ωλ (ka, q)−ωλ (kb, q))+eY ωλ(ka,q) (ωλ (kb, q)−ωλ (−l, q))+eY ωλ(kb,q) (ωλ (−l, q)−ωλ (ka, q))
(ωλ (ka, q)−ωλ (kb, q))(ωλ (ka, q)−ωλ (−l, q))(ωλ (kb, q)−ωλ (−l, q))

+. . . (2.17)

Finally, the complete iterated representation of the solution reads [42]

f (ka, kb, q, Y ) =
(
λ2

k2
a

λ2

(ka − q)2

) ᾱs
2 Y

{
δ(2)(ka − kb)
k2
a(q − ka)2 +

∞∑
n=1

n∏
i=1

×
∫
d2ki

θ
(
k2
i − λ2)
πk2

i

ξ

(
ka +

i−1∑
l=1

kl, ki, q

)∫ yi−1

0
dyi


(
ka +

∑i−1
l=1 kl

)2

(
ka +

∑i
l=1 kl

)2


ᾱs
2 yi

×


(
ka +

∑i−1
l=1 kl − q

)2

(
ka +

∑i
l=1 kl − q

)2


ᾱs
2 yi

δ(2) (
∑n
l=1 kl + ka − kb)

(ka +
∑n
l=1 kl)

2 (ka +
∑n
l=1 kl − q)

2

}
(2.18)

This representation applies at next-to-leading order and in supersymmetric field theories [43–
47], in different t-channel color projections [48, 49]. It is also important for the study of
several Reggeon bound states [50, 51]. In section 5 we will show results of the numerical
implementation of this equation for the gluon Green’s function. The calculation is based
on the Monte Carlo analysis of each of the n terms. For a finite value of the coupling
and rapidity, numerical convergence is reached after a finite number of iterations. The
obtained values will be compared with those extracted from the orthogonal approach based
on conformal blocks discussed below.

3 Conformal representation

Following the seminal work of Lev Lipatov [26], the analytic solution of eq. (2.1) needs of
the eigenfunctions of the SL(2,C) two-dimensional conformal group in coordinate space
(with integer n and real ν)

En,ν (ρ10, ρ20) =
(

ρ12
ρ10ρ20

) 1−n
2 +iν ( ρ∗12

ρ∗10ρ
∗
20

) 1+n
2 +iν

(3.1)
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and eigenvalues
ω(ν, n) = 2ᾱs

(
γE −<eψ

( |n|+ 1
2 + iν

))
(3.2)

to be written in the (distributional) form

δ(2)(q−q′)fω(k,k′, q) =
∫ 2∏

i=1

d2ρi
(2π)4

2∏
i=1

d2ρi′

(2π)4 e
ikρ1+i(q−k)ρ2−ik′ρ1′−i(q′−k′)ρ2′fω(ρ1,ρ2;ρ1′ ,ρ2′)

(3.3)
where the n = ±1 cases must be regularized via a principal value prescription. With notation

fω(ρ1, ρ2; ρ1′ , ρ2′) ≡
∞∑

n=−∞

∫ ∞
−∞

dν

∫
d2ρ0

(
ν2 + n2

4

)
En,ν (ρ10, ρ20)En,ν∗ (ρ1′0, ρ2′0)

(ω − ω(ν, n))
(
ν2 +

(
n+1

2

)2
)(

ν2 +
(
n−1

2

)2
)
(3.4)

Lipatov [26] used the simplified mixed representation
1

(2π)2

∫
d2
(
ρ1 + ρ2

2

)
e−i~q

~ρ11′+~ρ22′
2 fω(ρ1, ρ2; ρ1′ , ρ2′)

= |ρ12ρ1′2′ |
16

∞∑
n=−∞

∫ ∞
−∞

dν
En,νq (ρ12)En,ν∗q (ρ1′2′)

(ω − ω(ν, n))
(
ν2 +

(
n+1

2

)2
)(

ν2 +
(
n−1

2

)2
) (3.5)

where

En,νq (ρ12) = 2
|n|
2 − iν
π24iν

Γ
(

1+|n|
2 + iν

)
Γ
(
|n|
2 − iν

)
Γ
(

1+|n|
2 − iν

)
Γ
(
|n|
2 + iν

) ∫ d2k

|ρ12|
ei~q

~kEn,ν
(
k + q

2 , k −
q

2

)
(3.6)

Making use of the conformal eigenfunction equations, Navelet and Peschanski [34] pointed
out the conformal block structure of this expression and proposed its expansion in terms of
products of Bessel functions of the first kind, Jµ (we will come back to this point in the
next section),

En,νq (ρ12) =
Cβ,β̃Jβ(y)Jβ̃(y∗) + C−β,−β̃J−β(y)J−β̃(y∗)

q∗βqβ̃
(3.7)

where y = q∗ρ12/4. They fixed the coefficients in agreement with the small |q| boundary
condition for En,νq (ρ) calculated by Lipatov [26], i.e.

En,νq (ρ12) = q∗iν−
n
2 qiν+n

2 2−6iνΓ
(2 + |n|

2 − iν
)

Γ
(2− |n|

2 − iν
)

×
[
Jn

2−iν

(
q∗ρ12

4

)
J−n2−iν

(
qρ∗12

4

)
− (−1)nJ−n2 +iν

(
q∗ρ12

4

)
Jn

2 +iν

(
qρ∗12

4

)]
(3.8)

The inversion formula

En,ν (ρ10, ρ20) = 24iν

|n|
2 − iν

Γ
(

1+|n|
2 − iν

)
Γ
(
|n|
2 + iν

)
Γ
(

1+|n|
2 + iν

)
Γ
(
|n|
2 − iν

) |ρ12|
8π

∫
d2~q e−i

~q
2 (~ρ10+~ρ20)En,νq (ρ12)

(3.9)

– 6 –
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is interesting since we can use it to evaluate∫
d2~ρ0E

n,ν (ρ10,ρ20)En,ν∗ (ρ1′0,ρ2′0) = |ρ12| |ρ1′2′ |
16
(
ν2+ n2

4

) ∫ d2~pe−i
~p
2 (~ρ11′+~ρ22′ )En,νp (ρ12)En,ν∗p (ρ1′2′)

(3.10)
and, hence,

δ(2) (q−q′)fω (k,k′, q)=
∫
d2ρ1d

2ρ2d
2ρ1′d

2ρ2′e
ikρ1+i(q−k)ρ2−ik′ρ1′−i(q′−k′)ρ2′

×
∞∑

n=−∞

∫ ∞
−∞

|ρ12| |ρ1′2′ |
∫ d2p

(2π)8 e
−i ~p2 (~ρ11′+~ρ22′ )En,νp (ρ12)En,ν∗p (ρ1′2′)

16(ω−ω (ν,n))
(
ν2+

(
n+1

2

)2
)(

ν2+
(
n−1

2

)2
)
(3.11)

The different set of variables, proposed by Navelet-Peschanski [34] and with a Jacobian 1/2
in each complex sector,

ρ1,2 = 1
2(b± ρ+ σ) , ρ1′,2′ = 1

2(σ − b± ρ′) (3.12)

translate this expression into the form

fω(k, k′, q) = 1
210π4

∞∑
n=−∞

∫ ∞
−∞

dν

∣∣∣Γ (2+|n|
2 + iν

)
Γ
(

2−|n|
2 + iν

)∣∣∣2
(ω − ω(ν, n))

(
ν2 +

(
n+1

2

)2
)(

ν2 +
(
n−1

2

)2
)

×
∫
dρdρ∗|ρ|e

i
2ρ(k∗− q

∗
2 )e

i
2ρ
∗(k− q2 )

∫
dρ′dρ′

∗|ρ′|e−
i
2ρ
′(k′∗− q

∗
2 )e−

i
2ρ
′∗(k′− q2 )

×
[
Jn

2−iν

(
q∗ρ

4

)
J−n2−iν

(
qρ∗

4

)
− (−1)nJ−n2 +iν

(
q∗ρ

4

)
Jn

2 +iν

(
qρ∗

4

)]

×
[
Jn

2 +iν

(
qρ′∗

4

)
J−n2 +iν

(
q∗ρ′

4

)
− (−1)nJ−n2−iν

(
qρ′∗

4

)
Jn

2−iν

(
q∗ρ′

4

)]
(3.13)

This result is different to the one presented by Navelet-Peschanski [34] in the odd conformal
spins sector. They introduced a factor of the form (1 + (−1)n) /2 which we could not
reproduce (see, e.g. their eq. (28)). We find that this sector really does not cancel and it
is needed in order to match the results obtained from the previous section. For the even
conformal spin case we find perfect agreement.

With ~l = ~k − ~q
2 , θ = θρ − θl, θl − θq = −ψ the integral to be solved now is

Iabcd =
∫
dρ dρ∗ρ

1+α
2 ρ∗

1+α
2 e

i
2ρ

(
k∗− q

∗
2

)
e
i
2ρ
∗(k− q2)Jan2 +biν

(
q∗ρ

4

)
Jcn2 +idν

(
qρ∗

4

)
= 2
i

∫ ∞
0

d|ρ|
∫ 2π

0
dθei|ρ||l| cos θ|ρ|2+αJan2 +biν

(
|q||ρ|ei(θ−ψ)

4

)
Jcn2 +diν

(
|q||ρ|e−i(θ−ψ)

4

)
(3.14)

– 7 –
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Using

Jµ (x) =
∞∑
k=0

(−1)k
(
x
2
)2k+µ

Γ(1 + k)Γ(1 + k + µ) ,

∫ 2π

0

dθ

2πe
i(x cos (θ)−mθ) = eim

π
2 Jm(x) (3.15)

we obtain

Iabcd =
∞∑
m=0

(−1)m
(
|q|e−iψ

8

)2m+an2 +biν

Γ(1 +m)Γ(1 +m+ an2 + biν)

∞∑
k=0

(−1)k
(
|q|eiψ

8

)2k+cn2 +diν

Γ(1 + k)Γ(1 + k + cn2 + diν)

× 2
i

∫ ∞
0

d|ρ| |ρ|2+α+2(m+k)+(a+c)n2 +(b+d)iν
∫ 2π

0
dθei|ρ||l| cos θeiθ(2(m−k)+(a−c)n2 +(b−d)iν)

(3.16)

It turns out that b always equals d and this simplifies the calculation. We will need∫ 2π

0
dθei|ρ||l| cos θeiθ(2(m−k)+(a−c)n2 ) = 2πei(k−m+(c−a)n4 )πJ2(k−m)+(c−a)n2 (|ρ||l|) (3.17)

in order to obtain

Iabcd = 4π
i
ei(c−a)n4 π

∞∑
m=0

(−1)me−imπ
(
|q|e−iψ

8

)2m+an2 +biν

Γ(1 +m)Γ(1 +m+ an2 + biν)

∞∑
k=0

(−1)keikπ
(
|q|eiψ

8

)2k+cn2 +diν

Γ(1 + k)Γ(1 + k + cn2 + diν)

×
∫ ∞

0
d|ρ| |ρ|2+α+2(m+k)+(a+c)n2 +(b+d)iνJ2(k−m)+(c−a)n2 (|ρ||l|) (3.18)

With z real, <(β) < 3
2 and <(m+ β) > 0 we have

∫ ∞
0

dt tβ−1Jm(zt) =
sgn(z)m2β−1Γ

(
m+β

2

)
|z|β Γ

(
m−β

2 + 1
)

= sgn(z)m

2π

( 2
|z|

)β
sin
((

β −m
2

)
π

)
Γ
(
β +m

2

)
Γ
(
β −m

2

)
(3.19)

In our case∫ ∞
0

dt t2+α+2(m+k)+(a+c)n2 +(b+d)iνJ2(k−m)+(c−a)n2 (t|l|)

= 1
2π

( 2
|l|

)3+α+2(m+k)+(a+c)n2 +(b+d)iν
sin
((3 + α+ 4m+ an+ (b+ d)iν

2

)
π

)

× Γ
(3 + α+ 4k + cn+ (b+ d)iν

2

)
Γ
(3 + α+ 4m+ an+ (b+ d)iν

2

)
(3.20)

Therefore,

Iabcd = −2
i
ei(c−a)n4 π

( 2
|l|

)3+α ( q∗
4l∗
)an2 +biν ( q

4l

)cn2 +diν
cos

((
α+ an+ (b+ d)iν

2

)
π

)

×
∞∑
m=0

(
q∗

4l∗
)2m

Γ
(

3+α+4m+an+(b+d)iν
2

)
Γ(1 +m)Γ(1 +m+ an2 + biν)

∞∑
k=0

( q
4l
)2k Γ

(
3+α+4k+cn+(b+d)iν

2

)
Γ(1 + k)Γ(1 + k + cn2 + diν) (3.21)
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Setting the regulator to zero, α = 0, and performing the two sums we get

Iabcd = −2
i
ei(c−a)n4 π

( 2
|l|

)3 ( q∗
4l∗
)an2 +biν ( q

4l

)cn2 +diν

× cos
((

an+ (b+ d)iν
2

)
π

) Γ
(
an+3+i(b+d)ν

2

)
Γ
(
an+2

2 + ibν
) Γ

(
cn+3+i(b+d)ν

2

)
Γ
(
cn+2

2 + idν
)

× 2F1

(
an+ 3 + i(b+ d)ν

4 ,
an+ 5 + i(b+ d)ν

4 ; an+ 2
2 + ibν; q

∗2

4l∗2

)

× 2F1

(
cn+ 3 + i(b+ d)ν

4 ,
cn+ 5 + i(b+ d)ν

4 ; cn+ 2
2 + idν; q

2

4l2

)
(3.22)

Making use of the relation for the hypergeometric function,

2F1

(
A,A+ 1

2; B + 1
2 ; z2

)
= (1 + z)−2A

2F1

(
2A, B2 ;B; 2z

z + 1

)
(3.23)

and, since 2k = 2l + q and b = c = d = −a:

Ia,−a,−a,−a = − 24

i|k|3
e−ia

n
2 π
(
kq∗

k∗q

)an
2
(

16|k|2

|q|2

)iaν

× cos
((

an− 2aiν
2

)
π

) Γ
(
an+3−2iaν

2

)
Γ
(
an+2

2 − iaν
) Γ

(
−an+3−i2aν

2

)
Γ
(
−an+2

2 − iaν
)

× 2F1

(
an+ 3− i2aν

2 ,
an+ 1− 2iaν

2 ; an+ 1− 2iaν; q
∗

k∗

)
× 2F1

(−an+ 3− i2aν
2 ,

−an+ 1− 2iaν
2 ;−an+ 1− 2iaν; q

k

)
(3.24)

where (see eq. (3.13))

Ia,−a,−a,−a(k, q) =
∫
dx dy x

1
2 y

1
2 e

i
2x(k∗− q

∗
2 )e

i
2y(k− q2 )Jan2−aiν

(
x
q∗

4

)
J−an2−iaν

(
y
q

4

)
(3.25)

The terms related to the momentum k in the expression (3.13) read

I+−−−(k, q)− (−1)nI−+++(k, q)

= 24(−i)n+1

|k|3
cos

((
n

2 − iν
)
π

){(
k∗q

kq∗

)n
2
( |q|

4|k|

)2iν

×
Γ
(

3−n
2 + iν

)
Γ
(

2−n
2 + iν

) 2F1

(3− n
2 + iν,

1− n
2 + iν; 1− n+ i2ν; q

∗

k∗

)

×
Γ
(

3+n
2 + iν

)
Γ
(

2+n
2 + iν

) 2F1

(3 + n

2 + iν,
1 + n

2 + iν; 1 + n+ i2ν; q
k

)
− c.c.

}
(3.26)
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The two terms related to the momentum k′ in (3.13) are the complex conjugated of these:(
I+−−−(k′, q)− (−1)nI−+++(k′, q)

)∗ (3.27)

Therefore

f(k, k′, q, Y ) =
∞∑

n=−∞

∫ ∞
−∞

dν G(n,ν)(k, q)(G(n,ν)(k′, q))∗eαY ω(ν,n) (3.28)

with

G(n,ν)(k, q) =
cos

((
n
2 + iν

)
π
)

Γ
(

2+n
2 + iν

)
Γ
(

2−n
2 + iν

)
2π2 |k|3

(
ν + i (n+1)

2

) (
ν + i (n−1)

2

) {(
k∗q

kq∗

)n
2
( |q|

4|k|

)2iν

×
Γ
(

3−n
2 + iν

)
Γ
(

2−n
2 + iν

) 2F1

(3− n
2 + iν,

1− n
2 + iν; 1− n+ i2ν; q

∗

k∗

)

×
Γ
(

3+n
2 + iν

)
Γ
(

2+n
2 + iν

) 2F1

(3 + n

2 + iν,
1 + n

2 + iν; 1 + n+ i2ν; q
k

)
− c.c.

}
(3.29)

In terms of angles:

f(ka, kb, q, θa, θb, θq, Y ) =
∞∑

n=−∞

∫ ∞
−∞

dν G(n,ν)(ka, q, θa, θq)(G(n,ν)(kb, q, θb, θq))∗eαY ω(ν,n)

(3.30)
using

A(n,ν) =
cos

((
n
2 + iν

)
π
)

Γ
(

2+n
2 + iν

)
Γ
(

2−n
2 + iν

)
2π2

(
ν + i (n+1)

2

) (
ν + i (n−1)

2

) (3.31)

we can extract Fourier components

G(n,ν)(ka, q, θa, θq) = A
(n,ν)

|ka|3
∞∑

k,l=0

(
e−i(n+l−k)(θa−θq)B(n,ν)

l,k (|ka|, |q|)

− ei(n+l−k)(θa−θq)B(n,−ν)
l,k (|ka|, |q|)

)
(3.32)

where

B(n,ν)
l,k (|ka|, |q|) =

( |q|
4|ka|

)2iν |q|l+k

|ka|l+k

× Γ(1− n+ 2iν)
Γ
(

2−n
2 + iν

)
Γ
(

1−n
2 + iν

) Γ
(
k + 1−n

2 + iν
)

Γ
(
k + 3−n

2 + iν
)

k!Γ(k − n+ 2iν + 1)

× Γ(1 + n+ 2iν)
Γ
(

2+n
2 + iν

)
Γ
(

1+n
2 + iν

) Γ
(
l + 1+n

2 + iν
)

Γ
(
l + 3+n

2 + iν
)

l!Γ(l + n+ 2iν + 1) (3.33)
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It is useful to introduce the azimuthal angle projection

D(n,ν)
m (|ka|, |q|) ≡

∫ 2π

0

dθa
2π e

im(θa−θq)G(n,ν)(ka, q, θa, θq)

= A
(n,ν)

|ka|3
∞∑

k,l=0

(
δn+l−k−m,0B

(n,ν)
l,k (|ka|, |q|)− δn+l−k+m,0B

(n,−ν)
l,k (|ka|, |q|)

)
(3.34)

which implies the expansion

f(ka,kb, q,θa,θb,θq,Y ) =
∞∑

n=−∞

∫ ∞
−∞

dν eαY ω(ν,n)

×
∞∑

M=−∞
D(n,ν)
M (|ka|, |q|)eiM(θq−θa)

∞∑
N=−∞

D(n,−ν)
−N (|kb|, |q|)eiN(θq−θb)

(3.35)

This representation is useful since it makes explicit the azimuthal angle dependence of the
Green’s function. We can further present this result in an alternative way. The eigenvalue
of the kernel can be written in the form

ω(ν, n) = ω̃(ν, n) + (ω̃(ν, n))∗ , ω̃(ν, n)
ᾱs

= ψ(1)− ψ
(1 + |n|

2 + iν

)
(3.36)

This allows for

f(ka, kb, q, Y ) =
∞∑

n=−∞

∫ ∞
−∞

dνM(n,ν)(ka, q, Y )(M(n,ν)(kb, q, Y ))∗ (3.37)

where

M(n,ν)(ka, q, Y ) = eY ω̃(ν,n)
√
P(n,ν)

2π2|ka|3
((

k∗aq

kaq∗

)n
2
( |q|

4|ka|

)2iν

×
Γ
(

3+n
2 + iν

)
Γ
(

2+n
2 + iν

) 2F1

(3 + n

2 + iν,
1 + n

2 + iν; 1 + n+ i2ν; q
ka

)

×
Γ
(

3−n
2 + iν

)
Γ
(

2−n
2 + iν

) 2F1

(3− n
2 + iν,

1− n
2 + iν; 1− n+ i2ν; q

∗

k∗a

)
− c.c.

)
(3.38)

and

P(n,ν) =
((−1)n + cosh(2πν))

∣∣∣Γ (2+n
2 + iν

)
Γ
(

2−n
2 + iν

)∣∣∣2
2
(
ν2 +

(
n+1

2

)2
)(

ν2 +
(
n−1

2

)2
)

= π2

∣∣∣Γ (2+n
2 + iν

)
Γ
(

2−n
2 + iν

)∣∣∣2∣∣∣Γ (3+n
2 + iν

)
Γ
(

3−n
2 + iν

)∣∣∣2 (3.39)
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The angular dependence can be made more explicit in a similar way to the calculations
above, i.e.

M(n,ν)(ka, q, Y ) = eY ω̃(ν,n)
√
P(n,ν)

∞∑
l,k=0

(
ei(n+l−k)(θq−θa)B̃(n,ν)

l,k (|ka|, |q|)

− e−i(n+l−k)(θq−θa)B̃(n,−ν)
l,k (|ka|, |q|)

)
(3.40)

with B̃(n,ν)
l,k (|ka|, |q|) = B(n,ν)

l,k
(|ka|,|q|)

2π2|ka|3 . We can again investigate the projection

D̃(n,ν)
M (|ka|, |q|,Y )≡

∫ 2π

0

dθa
2π e

iM(θa−θq)M(n,ν)(ka, q,Y )

= eY ω̃(ν,n)
√
P(n,ν)

∞∑
l,k=0

(
δkn+l−M B̃

(n,ν)
l,k (|ka|, |q|)−δkn+l+M B̃

(n,−ν)
l,k (|ka|, |q|)

)
(3.41)

which implies

f(ka,kb, q,Y ) =
∞∑

n,M,L=−∞

∫ ∞
−∞

dν D̃(n,ν)
M (|ka|, |q|,Y )e−iM(θa−θq)D̃(n,−ν)

L (|kb|, |q|,Y )eiL(θb−θq)

(3.42)
We can proceed further in the analysis of this expansion:
∞∑

M=−∞
D̃(n,ν)
M (|ka|, |q|,Y )e−iM(θa−θq) = eY ω̃(ν,n)

√
P(n,ν)

∞∑
S=0

(
e−i(S+n)(θa−θq)H(n,ν)

S (|ka|, |q|)−c.c.
)

(3.43)
where

H(n,ν)
S (|ka|, |q|)

≡
∞∑
T=0
B̃(n,ν)
T+S,T (|ka|, |q|) = 1

2π2|ka|3
( |q|

4|ka|

)2iν |q|S

|ka|S

× Γ(1+n+2iν)
Γ
(

2+n
2 +iν

)
Γ
(

1+n
2 +iν

) Γ(1−n+2iν)
Γ
(

2−n
2 +iν

)
Γ
(

1−n
2 +iν

)

×
∞∑
T=0

|q|2T

|ka|2T
Γ
(
T+ 1−n

2 +iν
)

Γ
(
T+ 3−n

2 +iν
)

T !Γ(T+1−n+2iν)
Γ
(
T+S+ 1+n

2 +iν
)

Γ
(
T+S+ 3+n

2 +iν
)

(T+S)!Γ(T+S+1+n+2iν)

= 1
2π2|ka|3

( |q|
4|ka|

)2iν |q|S

|ka|S
Γ(1+n+2iν)Γ

(
1+n

2 +S+iν
)

Γ
(

3−n
2 +iν

)
Γ
(

3+n
2 +S+iν

)
S!Γ(1+n+S+2iν)Γ

(
1+n

2 +iν
)

Γ
(

2+n
2 +iν

)
Γ
(

2−n
2 +iν

)
× 4F3

(1−n
2 +iν, 3−n2 +iν, 1+n

2 +S+iν, 3+n
2 +S+iν;

S+1,1−n+2iν,1+n+S+2iν; |q|
2

|ka|2
)

(3.44)
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Finally, we can offer the representation

f(ka, kb, q, Y ) =
∞∑

n=−∞

∫ ∞
−∞

dνeY ω̃(ν,n)
√
P(n,ν)

∞∑
S=0

(
e−i(S+n)(θa−θq)H(n,ν)

S (|ka|, |q|)− c.c.
)

× eY ω̃(−ν,n)
√
P(n,ν)

∞∑
T=0

(
ei(T+n)(θb−θq)H(n,−ν)

T (|kb|, |q|)− c.c.
)

(3.45)

which highlights the role of the conformal spins n in the Fourier expansion in
azimuthal angles.

We can now understand the forward limit in the following way:

f(ka, kb, q = 0, Y ) = lim
|q|→0

∞∑
n=−∞

∫ ∞
−∞

dνM(n,ν)(ka, q, Y )(M(n,ν)(kb, q, Y ))∗ (3.46)

where

lim
|q|→0

M(n,ν)(ka, q, Y ) = eY ω̃(ν,n)
√
P(n,ν)

2π2|ka|3

×
[(

k∗aq

kaq∗

)n
2
( |q|

4|ka|

)2iν Γ
(

3+n
2 + iν

)
Γ
(

2+n
2 + iν

) Γ
(

3−n
2 + iν

)
Γ
(

2−n
2 + iν

) − c.c.
]
(3.47)

lim
|q|→0

(M(n,ν)(kb, q, Y ))∗ = eY ω̃(−ν,n)
√
P(n,ν)

2π2|kb|3

×
[(

k∗bq

kbq∗

)−n2 ( |q|
4|kb|

)−2iν Γ
(

3+n
2 − iν

)
Γ
(

2+n
2 − iν

) Γ
(

3−n
2 − iν

)
Γ
(

2−n
2 − iν

) − c.c.
]

(3.48)

Their product carries the prefactor eY ω(ν,n) P(n,ν)

4π4|ka|3|kb|3 multiplied by the sum of
two contributions:

−
(
k∗aq

kaq∗
k∗bq

kbq∗

)n
2
( |q|

4|ka|
|q|

4|kb|

)2iν
Γ

(
3+n

2 + iν
)

Γ
(

2+n
2 + iν

) Γ
(

3−n
2 + iν

)
Γ
(

2−n
2 + iν

)
2

+ c.c. (3.49)

and

Γ
(

3+n
2 − iν

)
Γ
(

2+n
2 − iν

) Γ
(

3−n
2 − iν

)
Γ
(

2−n
2 − iν

) Γ
(

3+n
2 + iν

)
Γ
(

2+n
2 + iν

) Γ
(

3−n
2 + iν

)
Γ
(

2−n
2 + iν

) ((kak∗b
k∗akb

)n
2
( |ka|
|kb|

)2iν
+ c.c.

)
(3.50)

The first one generates fast oscillations when |q| → 0 with a zero net value after
integrating over the variable ν. The prefactor is symmetric under the change of sign each in
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n and ν as it is the prefactor in the second contribution. We can therefore write for |q| → 0,

f(ka, kb, q = 0, Y )

=
∞∑

n=−∞

∫ ∞
−∞

dν eY ω(ν,n) ein(θa−θb)

4π4|ka|3|kb|3
( |ka|
|kb|

)2iν

×
((−1)n + cosh(2πν))Γ

(
3+n

2 − iν
)

Γ
(

3−n
2 − iν

)
Γ
(

3+n
2 + iν

)
Γ
(

3−n
2 + iν

)
(
ν2 +

(
n+1

2

)2
)(

ν2 +
(
n−1

2

)2
)

=
∞∑

n=−∞

∫ ∞
−∞

dν eY ω(ν,n) ein(θa−θb)

2π2|ka|3|kb|3
( |ka|
|kb|

)2iν
(3.51)

where we made use of eq. (3.39). Some of the phenomenology associated to the different
conformal spins in the forward limit has been explored in, e.g., [35–41].

4 An alternative representation

The classical Bessel functions have a long history in the mathematical literature. They play
an important role in analytic number theory in the form of Bessel kernels. We will use
some of the most recent results in this area in the following.

We start with eq. (3.13) making use of the relation (3.39) and z = ρq∗

4 , z∗ = ρ∗q
4 , v =

ρ′q∗

4 , v∗ = ρ′∗q
4 to write

fω(k, k′, q)

= 23

π2|q|6
∞∑

n=−∞

∫ ∞
−∞

dν

∣∣∣Γ (2+|n|
2 + iν

)
Γ
(

2−|n|
2 + iν

)∣∣∣2
(ω − ω(ν, n))((−1)n + cosh(2πν))

∣∣∣Γ (3+n
2 + iν

)
Γ
(

3−n
2 + iν

)∣∣∣2
×
∫
dzdz∗|z|eiz

(
2 k
∗
q∗−1

)
e
iz∗
(
2 k
q
−1
) ∫

dvdv∗|v|e−iv(2 k
′∗
q∗ −1)

e
−iv∗(2 k

′
q
−1)

×
[
J iν

2 ,−n
(z)− (−1)nJ− iν2 ,n(z)

] [
J− iν2 ,n(v)− (−1)nJ iν

2 ,−n
(v)
]

(4.1)

where

Jµ,m(z) = J−m2 −2µ(z)Jm
2 −2µ(z∗) (4.2)

Now we introduce the following function for even m:

Jµ,m(z) = 2π2

sin(2πµ)
(
Jµ,m(4π

√
z)− J−µ,−m(4π

√
z)
)

(4.3)
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motivated by the analysis of Bessel kernels developed in [52] (rank-two case) which implies

f (even n)
ω (k, k′, q) = 1

π6|q|6
∑

evenn

∫ ∞
−∞

dν
tanh2(πν)

∣∣∣Γ (2+|n|
2 + iν

)
Γ
(

2−|n|
2 + iν

)∣∣∣2
(ω − ω(ν, n))

∣∣∣Γ (3+n
2 + iν

)
Γ
(

3−n
2 + iν

)∣∣∣2
×
∫
dzdz∗|z|eiz

(
2 k
∗
q∗−1

)
e
iz∗
(
2 k
q
−1
)
J iν

2 ,−n

(
z2

16π2

)

×
∫
dvdv∗|v| e−iv(2 k

′∗
q∗ −1)

e
−iv∗(2 k

′
q
−1)J−iν

2 ,n

(
v2

16π2

)
(4.4)

When m is odd the relevant function reads [52]

Jµ,m(z) = 2π2i

cos(2πµ)
(
Jµ,m(4π

√
z) + J−µ,−m(4π

√
z)
)

(4.5)

and, therefore,

f (odd n)
ω (k, k′, q) = −1

π6|q|6
∑

oddn

∫ ∞
−∞

dν
coth2(πν)

∣∣∣Γ (2+|n|
2 + iν

)
Γ
(

2−|n|
2 + iν

)∣∣∣2
(ω − ω(ν, n))

∣∣∣Γ (3+n
2 + iν

)
Γ
(

3−n
2 + iν

)∣∣∣2
×
∫
dzdz∗|z|eiz

(
2 k
∗
q∗−1

)
e
iz∗
(
2 k
q
−1
)
J iν

2 ,−n

(
z2

16π2

)

×
∫
dvdv∗|v|e−iv(2 k

′∗
q∗ −1)

e
−iv∗(2 k

′
q
−1)J− iν2 ,n

(
v2

16π2

)
(4.6)

The function Jµ,m(z) fulfils the equations(
z2 ∂

2

∂z2 + z
∂

∂z
+ z2 −

(
n

2 − iν
)2
)

J iν
2 ,−n

(
z2

16π2

)
= 0 (4.7)(

z∗2
∂2

∂z∗2
+ z∗

∂

∂z∗
+ z∗2 −

(
n

2 + iν

)2
)

J iν
2 ,−n

(
z2

16π2

)
= 0 (4.8)

Both results can be combined in the form

fω(k, k′, q) = −1
2π5|q|6

∞∑
n=−∞

∫ ∞
−∞

dν

42iνΓ
(

(−1)n+1
4 +iν

)2

Γ(2iν)2Γ
( (−1)n+3

4 −iν
)2 ∣∣Γ( 2+|n|

2 +iν
)
Γ
( 2−|n|

2 +iν
)∣∣2

|Γ( 3+n
2 +iν)Γ( 3−n

2 +iν)|2

(ω − ω(ν, n))((−1)n + cosh(2πν))

×
∫
dzdz∗|z|eiz

(
2 k
∗
q∗−1

)
e
iz∗
(
2 k
q
−1
)
J iν

2 ,−n

(
z2

16π2

)

×
∫
dvdv∗|v|e−iv(2 k

′∗
q∗ −1)

e
−iv∗(2 k

′
q
−1)J− iν2 ,n

(
v2

16π2

)
(4.9)

– 15 –



J
H
E
P
0
7
(
2
0
2
2
)
1
0
9

In [53] an interesting integral representation was found by Bruggeman and Motohashi
that, for z = xeiφ with real x and φ, we can write in the form

J iν
2 ,−n

(
z2

16π2

)
= 2π
in

(∫ 1

0
yiν−1

(
yeiφ + e−iφ

ye−iφ + eiφ

)n
2

J−n

(
x
√
y

∣∣∣yeiφ + e−iφ
∣∣∣) dy + c.c.

)

= 2π
( 2
xi

)n ∫ 1

0
dy
∞∑
k=0

k∑
s=0

k−n∑
t=0

(
−x2

4

)k (
ei(2(s−t)−n)φys+t−k−1+n

2 +iν + c.c.
)

s!t!Γ(1 + k − s)Γ(1 + k − n− t)
(4.10)

The relevant integral can then be expressed as a Fourier expansion in θk − θq, i.e.∫
dzdz∗e

iz
(
2 k
∗
q∗−1

)
e
iz∗
(
2 k
q
−1
)
z

1
2 z∗

1
2 J iν

2 ,−n

(
z2

16π2

)
=

∞∑
m=−∞

eim(θk−θq)C(m)
n,ν

( |k|
|q|

)
(4.11)

where

C(m)
n,ν

( |k|
|q|

)
= 2n+3π2

i

∫ ∞
0

dx

∫ 1

0
dy
∞∑
k=0

k∑
s=0

k−n∑
t=0

(−1)k+m+s+t ys+t−k−1 x2+2k−nJm
(
4x |k||q|

)
4ks!t!Γ(1 + k − s)Γ(1 + k − n− t)

×
(
y
n
2 +iνJm+n−2(s−t)(−2x) + (−1)ny

n
2−iνJm−n+2(s−t)(−2x)

)
(4.12)

This expression belongs to the class of so-called K-transforms for continuous and compactly
supported functions on the complex plane used in Lemma 2.1 of [54].

5 Numerical results and comparison

In the following brief section we numerically evaluate the gluon Green’s function both using
the Monte Carlo iteration explained in section 2 and the expressions stemming from the
conformal block techniques obtained in the previous two sections.

We will make the comparison for a finite set of plots which will highlight different
dependences on the transverse momenta, azimuthal angles and rapidity present in the four-
point non-forward scattering amplitude. The relevant variables are |~ka|, |~kb|, |~q|, θa, θb, θq and
Y . To present our numerical results we have chosen, without loss of generality, |~ka| = 17GeV,
|~kb| = 31GeV, θa = π

3 , θb = 9π
14 , Y = 4 and ᾱs = 0.2.

We start by fixing the values of all the variables as above together with |q| = 2GeV
and studying the effect of the variation on θq from 0 to 2π. This is shown in figure 1
where we find, within the very small numerical uncertainties, perfect agreement between
the analytic and Monte Carlo expressions in the full range of the azimuthal angle present
in the two-dimensional momentum transfer vector ~q. It is now instructive to split the
analytic result in two parts: the contributions from all even and all odd conformal spins.
As explained in detail in the previous sections, it is found that, contrary to the results
of [34], the latter do not cancel and are numerically important to generate the correct gluon
Green’s function. We highlight this point in figure 2 where it is clear that the odd spins
dependence is mandatory to reproduce the Monte Carlo iteration results. Note that the

– 16 –
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Figure 1: Gluon Green’s function dependence on θq for fixed |~ka|, |~kb|, |~q|, θa, θb and Y .
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Figure 2: Gluon Green’s function dependence on θq for fixed |~ka|, |~kb|, |~q|, θa, θb and Y .

dominant conformal spin is always n = 0 in any case (we also include the curve with even
n > 0 to show that its contribution is similar to that with odd n.). We obtain the same
agreement when studying the |q| dependence of the Green’s function in figure 3 where we
have fixed θq = 17π

10 . The need of including the odd n sector is manifest in this case as well.
From our numerical studies we have explicitly shown the validity of the analytic

expressions presented in this work. In particular, we confirm the need of including all (odd
and even) conformal spins in the conformal block expressions in order to completely describe
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Figure 3: Gluon Green’s function dependence on |q| for fixed |~ka|, |~kb|, θa, θb, θq and Y . In order to
match the MC results both odd and even conformal spins must be considered.

the scattering amplitude. We will study the interplay of the Fourier expansions on different
azimuthal angles here discussed with the possible types of impact factors in future works.

6 Conclusions and outlook

We have studied the BFKL Pomeron singularity (the QCD vacuum singularity of the t-
channel partial wave) in terms of the non-forward four-reggeized gluon scattering amplitude
both with a Monte Carlo approach (eq. (2.18)) and analytically by means of an expansion
on a two-dimensional conformal basis. It has been shown that the contributions from all
conformal spins, even and odd, are needed in the latter in order to match the results in the
former. We believe this will be relevant for upcoming applications of the BFKL formalism
to the future LHC physics program in hard diffraction since one might foresee new types
of couplings of external states to the universal BFKL Green’s function which might not
suppress certain SL(2,C) spin sectors as it happens in, e.g. the production of a pair of
well-separated in rapidity jets with a large rapidity gap in between.

In order to pinpoint this fact in the analytic expressions, we have revisited the work of
Lipatov [26] and Navelet-Peschanski [34] and introduce a Fourier expansion over the set of
three azimuthal angles present in the amplitude (eq. (3.45)). A novel representation based
on 4F3 hypergeometric functions hence arises (eq. (3.44)). The forward limit can then be
understood in simple terms.

In recent years, mathematicians have developed new tools to investigate different
representations of the two-dimensional conformal group which are related to some of the
results here discussed. In particular, in the last section, we have briefly presented an
interesting alternative form (eq. (4.11)) for the conformal blocks present in the BFKL

– 18 –
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framework inspired by recent results from the mathematical literature devoted to the study
of analytic number theory.

The results here presented have been crossed checked numerically both with a Monte
Carlo integration evaluation directly in transverse momentum space and the implementation
of the analytic formulae in the form of sums over conformal spins and integration over the
anomalous dimension characteristic of the SL(2,C) group. The interplay of our findings
with different classes of possible impact factors is left for further analysis.
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